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lows in Networks

Y

- A Networkis atuple N=(V, A, ¢, s, t) such that:
. (\V A)is adirected graph
- sin Vis the source
- tin V\{s}is the target or sink

sm@wie=>.R+ |S the capacity function



lows in Networks

T

- LetN=(V A, c, s, t) beanetwork. A flow N is a function f: A -> R with the following constraints
- Admissibility: O < f(e) < c(e)

. Flow conservation: For all v in V\{s t} holds: Z flu,v) = Z fv,u)
ucV:(u,v)eA ueV:(v,u)eA

- The Value of a flow T is defined as val(f) := netoutflow(s) :=

R = > fs9)

ucV:.(s,u)eA ucV:.(u,s)eA



ows in Networks

T

- The netinflow of the sing t is equal to the value of the flow:

netinflow(t) := 2 f(u,t) - Z f(t, u) = val(f)

ueV:(u,h)eA ueV:(t,u)eA



Cuts

5 A st ol ¢ Newwork (VA € 5, ) Is @ polidien (S0 @ W with 8 i S eliel ©la 1. Tie celoeiety
of a s-t-cut is defined by:

cob(S,T) .= Z c(u,‘W)'

(u,w)E(SXT)NA
Where Partition (8, 7)) : SUT =VandSNT =@

- The capacity of a cut ignores edges from T to S ()It counts all capacities of edges from Sto T

. Iffisaflowand (S7T)is as-t-cut in a Network, then it holds that val(f) < cap(S,T)



Rest Networks

- Let N =(VA,cst) be anetwork without any edges in both sides and let  be a flow in N. The
rest network Nf:: (\/,Af,rf,s,t) is defined as:

. Ifein A with f(e) < c(e) then e is an edge in Afvvith rf(e) = c(e) - f(e)
o iEeiinP2nvithfiles GRiashNe = = s in Afvvith rf(e()pp) = i)
. Only edges described above are edges in Ar

: rf(e), e in Afis the rest capacity of an edge e
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Maxtiow

- A flow Tin a Network N is a max-flow iff there is no directed path from the source to the
target in the rest network Nf. For every max flow there exists an s-t-cut (S,T) with val(f) =
cap(S,T)

.« There exists an s-t-path -> we can augment along this path and our flow was not maximal.

- There doesn’t exist an s-t-path -> show that there exists an s-t-cut with cap(S,T) = val(r)
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Maxtiow

. S:=all reachable vertices in rest network Nf
e T:V\S

. e=(uVv)in Awithuinsand v notinsS, then no edge in Affrom u to v and f(e) = c(e)

S PSR S) = cap(St) - O = cap(S,T) -> flowdEREREERRSH



Ford-Fulkerson

ForD-FULKERSON(V, A, ¢, s, t)

1: f—0 > F'luss konstant O

2: while 4 s-t-Pfad P in (V, Af) do > augmentierender Pfad

3: Erhohe den Fluss entlang P > wie 1n Beweils zu Satz 3.11
> maximaler Fluss

4: return f

 In ganzzahligem Netzwerk O(mnU), wobei U maximales Kantenkapazitat darstellt

« Capacity Scaling in O(mn*(1+log(U))

« Dynamic Trees in (O(mn*log(n))



EXercises

(a) Fill in the missing values so that they form a feasible (not necessarily maximum) flow:

?/12

0/8 ?/
N
d

1/6—— e

(b) Construct the residual network (“Restnetzwerk”).

(c) Find an augmenting s-t-path and augment the flow along this path. If necessary, repeat this
step until you have found a maximum flow.

(d) Prove that your flow is a maximum flow by finding a minimum cut in N.




~Xam Exercise

(b) Sei f ein maximaler Fluss in einem Netzwerk N = (V, A,c,s,t). Dann gibt es keine zwei
Knoten u,v € V, sodass sowohl die Kante (u,v) als auch die Kante (v,u) im Restnetzwerk

Ny vorkommt.

Begriindung/Gegenbeispiel:

WAHR L[]

FALSCH L[]

(2 Punkte)




Sei N ein Netzwerk ohne entgegengesetzte Kanten und sei f ein Fluss in G. Unten abgebildet
sehen Sie das Restnetzwerk R;.

(a) Ist f maximal? Geben Sie eine kurze Begriindung fiir Thre Antwort. (1 Punkte)

(b) Rekonstruieren sie N und f.




Bipartites Matching

c A ={s}xXU)U{(u,w) e UXW|{uw} e EUWX{t})




Edge Disjoint Patnhs

- We replace every edge {x,y} by 2 directed edges (x,y) and (y,x).

- We add s and t and connect those with u and v with capacity = #vertices




Vertex disjoint paths

- We construct the network as for edge disjoint paths

- Additionally we replace every vertex x in V\{u,v} by x_in and x_out and connect incoming
edges with x_in and outgoing edges with x_out. x_in and x_out are connected by an edge
with capacity 1.
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mage segmentation

- Problem: Given an image which pixels are in foreground, which in background?

- We define:

. @, == expectance of p in foreground

. P, = expectance of p in background

wisdhgeis oenalty if e ={u,v} with uv not in same partition



mage segmentation

« Weaddsandt

. We connect s with all pixels with capacity a,
. We connect t with all pixels with capacity ,Bp

. Neighbouring pixels are connected via 2 directed edges with capacity ¥ each



Image segmentation
Capacity of s-t-cut

- Edges (s,p) with p in B each add their corresponding a value
. Edges (p,t) with p in A each add their corresponding f value

 Edges (p,p’) in A x B each add their corresponding y value



Exercise S12.1 — Integrality and Matching

We have already seen Frobenius’ Theorem: Let k > 1. Every k-reqular bipartite graph contains
a perfect matching. The proof we have seen uses Hall’s theorem. In this exercise, we want to
find another proof using our knowledge about flows.

Let G = (AUB, E) be a k-regular graph for k& > 1.

(a) Describe how to model bipartite matching on G as a flow problem in a network N =

(V, A, c, s,t).

(b) Construct explicitly a (not necessarily integer!) flow f on N with val(f) = n. Conclude that
maxflow(N) = n.
Hint: you don’t have to construct an integral flow. Make sure to define the flow value on all
edges of your network N!

(c) Using the result from (b), show that there exists an integer valued flow f’ with val(f’) = n.
Using f’, prove that G contains a perfect matching M.




NClass Exercise

Aufgabe 1 — Arbeitsgruppen

Zu einem Kongress werden Mitarbeiter von m Firmen gesandt. Dabel sendet die i-te Firma ¢;

viele Mitar

seiter. Wiahrend des Kongresses sollen die anwesenden Personen in bis zu r verschiedene

Arbeitsgru

bpen mit jeweils hochstens 5 Mitgliedern aufgeteilt werden, wobei keine zweil Mitarbeiter

derselben Firma in derselben Arbeitsgruppe sein sollen.

Wir sollen eine solche Aufteilung mit Hilfe von Fluss-Algorithmen finden.

(a) Definie

nau da

ren Sie dazu ein geeignetes Netzwerk N = (V, A, c¢,s,t) und zeigen Sie, dass es ge-

nn eine mogliche Aufteilung wie oben gibt, wenn maxflow(/N) eine gewisse (welche?)

Eicenschaft hat.
o

(b) Angenommen, wir erhalten als Eingabe die Zahlen m, r, ¢y, ..., ¢, sowie die Listen L,

mit den Namen aller Teilnehmer des Kongresses. Wir konnen davon ausgehen, dass keine zwei
Teilnehmer den gleichen Namen haben. Geben Sie einen Algorithmus an, der dies als Eingabe

verwen

det, und als Ausgabe entweder r Listen, G, ..., G, gibt, wobei (G; die Namen aller

Teilnehmer der 72:ten Gruppe in einer giiltigen Zuordnung enthéilt, oder antwortet ,,Zuordnung

nicht n

10glich™.




MinCut

« Ford Fulkerson O(nmuU)
- Edge Contractions O(n"*4log(n)) Error probability < 1/n
. Bootstrapping O(n*3log(n))

« Limit O(n"*2polylog(n))



MinCuts in Graphs

Edge Contactions

. Problem: given a multigraph G, determine u(G)

. |dea: for edge e we melt together u and v to one node3

. u(G/e) > u(G) and if there exists a minimum cut C with e not in C then it holds with
equality

- We contract randomised until there are only 2 vertices left and return that cut. Runtime
@)



Success Propapility

- Let G be a multigraph with n vertices. It we choose e out of all edges in G uniformly at

i
random then Priu(G) = u(Gle] > 1 — —
n

| C| k 2
>

] = =1-=

B kn/2 n

- We need to repeat N2 times in order to get optimal solution with high probability

. Prlip(G) =u(Gle)] 2 Prle € C] =1 —



pootstrapping

. |deaq: Last steps from random contraction algorithm are the most dangerous, so we do those
deterministically

« Runtime: O(n(n-t) + z(1))
n—2 n-—3 t t—1 (1) = tH(t—1) * (1
n n—1 t+2 t+1 P _n(n—l) F

« Success probability: >

.« We choose z(t) = O(t*4) p3(t) =1 - e”-1 and get fort = n*1/2 a runtime of O(An”3)



