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Flows in Networks

• A Network is a tuple N = (V, A, c, s, t) such that: 

• (V, A) is a directed graph 

• s in V is the source 

• t in V\{s} is the target or sink 

• c: A -> R+ is the capacity function



Flows in Networks

• Let N = (V, A, c, s, t) be a network. A flow N is a function f: A -> R with the following constraints 

• Admissibility: 0 ≤ f(e) ≤ c(e) 

• Flow conservation: For all v in V\{s,t} holds 

• The Value of a flow f is defined as val(f) := netoutflow(s) :=  



Flows in Networks

• The netinflow of the sing t is equal to the value of the flow: 



Cuts

• A s-t-cut for a Network (V, A, c, s, t) is a partition (S,T) of V with s in S and t in T. The capacity 
of a s-t-cut is defined by: 
 
 
 
Where Partition  and  

• The capacity of a cut ignores edges from T to S ()It counts all capacities of edges from S to T 

• If f is a flow and (S,T) is a s-t-cut in a Network, then it holds that val(f) ≤ cap(S,T)

(S, T) : S ∪ T = V S ∩ T = ∅



Rest Networks

• Let N = (V,A,c,s,t) be a network without any edges in both sides and let f be a flow in N. The 
rest network N  := (V,A ,r ,s,t) is defined as: 

• If e in A with f(e) < c(e) then e is an edge in A  with r (e) := c(e) - f(e) 

• If e in A with f(e) > 0 then e  is in A  with r (e ) = f(e) 

• Only edges described above are edges in A  

• r (e), e in A  is the rest capacity of an edge e
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Maxflow

• A flow f in a Network N is a max-flow iff there is no directed path from the source to the 
target in the rest network N . For every max flow there exists an s-t-cut (S,T) with val(f) = 
cap(S,T)  

• There exists an s-t-path -> we can augment along this path and our flow was not maximal. 

• There doesn’t exist an s-t-path -> show that there exists an s-t-cut with cap(S,T) = val(f)
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Maxflow

• S:= all reachable vertices in rest network N  

• T: V\S 

• e = (u,v) in A with u in s and v not in S, then no edge in A  from u to v and f(e) = c(e) 

• val(f) = f(S,T) - f(T,S) = cap(S,t) - 0 = cap(S,T) -> flow is maximal

f

f



Ford-Fulkerson



Exercises



Exam Exercise





Varianz

• Für eine beliebige Zufallsvariable X gilt: 
 

• Für eine beliebige Zufallsvariable X und a,b  gilt: 

Var[X] = E[X2] − E[X]2

∈ ℝ
Var[a ⋅ X + b] = a2 ⋅ Var[X]



Edge Disjoint Paths

• We replace every edge {x,y} by 2 directed edges (x,y) and (y,x). 

• We add s and t and connect those with u and v with capacity = #vertices



Vertex disjoint paths

• We construct the network as for edge disjoint paths 

• Additionally we replace every vertex x in V\{u,v} by x_in and x_out and connect incoming 
edges with x_in and outgoing edges with x_out. x_in and x_out are connected by an edge 
with capacity 1.



Image Segmentation

• Problem: Given an image which pixels are in foreground, which in background? 

• We define: 

•  := expectance of p in foreground 

•  := expectance of p in background 

•  := penalty if e = {u,v} with u,v not in same partition
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Image Segmentation

• We add s and t 

• We connect s with all pixels with capacity  

• We connect t with all pixels with capacity  

• Neighbouring pixels are connected via 2 directed edges with capacity  each
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Image Segmentation
Capacity of s-t-cut

• Edges (s,p) with p in B each add their corresponding  value 

• Edges (p,t) with p in A each add their corresponding  value 

• Edges (p,p’) in A x B each add their corresponding  value
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MinCut

• Ford Fulkerson O(nmU)  

• Edge Contractions O(n^4log(n)) Error probability ≤ 1/n 

• Bootstrapping O(n^3log(n)) 

• Limit O(n^2polylog(n))



MinCuts in Graphs
Edge Contactions

• Problem: given a multigraph G, determine  

• Idea: for edge e we melt together u and v to one node3  

•  and if there exists a minimum cut C with e not in C then it holds with 
equality 

• We contract randomised until there are only 2 vertices left and return that cut. Runtime 
O(n^2)

μ(G)

μ(G/e) ≥ μ(G)



Success Probability

• Let G be a multigraph with n vertices. If we choose e out of all edges in G uniformly at 

random then  

• . 

• We need to repeat n^2 times in order to get optimal solution with high probability

Pr[μ(G) = μ(G/e] ≥ 1 −
2
n



Bootstrapping

• Idea: Last steps from random contraction algorithm are the most dangerous, so we do those 
deterministically 

• Runtime: O(n(n-t) + z(t)) 

• Success probability: ≥  

• We choose z(t) = O(t^4) p3(t) = 1 - e^-1 and get for t = n^1/2 a runtime of O( n^3)λ


