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Randomised Algorithms

• Deterministic: Same input -> same output 

• Non-deterministic: same input not necessarily same output 

• Monte Carlo: Correctness as random variable (always same runtime) 

• Las Vegas: Runtime as random variable (for us: after some time we return ???)



Error Reduction
Las-Vegas Algorithms

• Let A be a Las-Vegas algorithm with P[A(I) correct] >=  

• Let A  for  > 0 be an algorithm that either returns the first output different to ??? Or after N = 

 tries it returns ??? 

• Then it holds Pr[A (i) wrong] >=  
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Error Reduction
Monte Carlo - One-Sided Error

• Pr[A(I) = Yes] = 1 for all yes-instances I 

• Pr[A(I) = No] >=  = 1 -  for all no-instances 

• Let A  for  > 0 be an algorithm that either returns no, as soon as he first sees no, or that 

returns yes after N =  tries 
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Error Reduction
Monte-Carlo - Two-Sided-Error

• Pr[A(I) correct] >= 0.5 +  for all instances I 

• For  > 0, if N =  

• A  returns answer that was produced the most after N trials 

• Pr[A(I) correct] >=  for all instances I
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Quicksort

• Sorts Array in expected runtime O(nlog(n))



Quickselect

• Returns k-smallest Element in expected runtime O(n)



Primality Testing

• GCD: Pr[“prime” | not prime] =  

• Fermat: All elements have ord(n-1), in case  
n is prime, Pr[“prime” | not prime] < 1/2 if no  
number is a charmichaelnumber 
P[“prime” | not prime] = 

• Miller Rabin: Pr[“prime” | not prime] <= 1/4 
n-1 = 2 d k





Hase-Igel Algorithm

• Given Array with n Positions, each of which contains value between 1 and n-1 

• Construct graph with n vertices and n edges, edges always from I to A[I] 

• There exists a path of length k ≥ 1 from n with cycle of length l ≥ 3 

• We define s ≥ 1 and 0 ≤ r < l 

• If k ≤ l -> s = 1, else s = k/l (ceiled)



Hase - Igel Algorithm

• x  = x  -> find this position with Algo 

• Calculate k with x  = x  

k+r 2(k+r)

k i+k





Long Paths

• Given Graph G and number B, there exists a path in G with length B? 

• Hamiltonian cycle hard -> long paths hard 

• Construct G’ where we replace v and incident edges {v,wi} with {wi’,wi} 

• This has ≤ 2n - 2 vertices 

• Show construction of hamiltonian cycle in that graph



Long Paths
Coloured Paths

• Given: a graph G and a colouring y : V -> [k] (the colouring doesn’t need to be correct as in chapter 
1) 

• Seeked: does G contain a coloured path of length k-1? 

• Coloured path: all vertices have different colour 

• := all coloured paths of length I, that end in v 

•  a coloured path, that ends in v and is coloured with the colours in S} 

• Seeked: is 

Pi(v)

Pi(v) := {S ∈ ( [k]
i + 1) |∃



Bunte Pfade





Long Paths

• Given: a graph G and k in natural numbers 

• Seeked: does G contain a path of length k? -> NP-hard can show through reduction to 
hamiltonian path problem 

• We solve rainbow(G,y’), where y’ : V -> [k+1] is a u.a.r. distributed colouring with k+1 colours.





Probability DP

• Frog Feeding in Code Expert


