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Terms

• For Events A, B it holds:  

• Pr[ø] = 0, Pr[Ω] = 1 

• 0 ≤ Pr[A] ≤ 1 

• Pr[ ] = 1 - Pr[A] 

• If A  B, then Pr[A] ≤ Pr[B]

A

⊆



Laplacian Space

• Finite Probability space, with all elementary events same probability. 

• In Laplacian space it holds for all events E:   Pr[E] =
|E |
|Ω |



Addition Rule

• If the events  are pairwise disjoint (for all pairs i ≠ j it holds that  = ø) then:  
 

 

• For infinite sets of disjoint events  it holds that: 
 

A1, . . . , An Ai ∩ Aj

Pr[
n

⋃
i=1

Ai] =
n

∑
i=1

Pr[Ai]

A1, A2, . . .

Pr[
∞

⋃
i=1

Ai] =
∞

∑
i=1

Pr[Ai]



Inclusion Exclusion Principle

• For n=2:  

• For n=3:

|A1 ∪ A2 | = |A1 | + |A2 | − |A1 ∩ A2 |

|A1 ∪ A2 ∪ A3 | = |A1 | + |A2 | + |A3 | − |A1 ∩ A2 | − |A1 ∩ A3 | − |A2 ∩ A3 | + |A1 ∩ A2 ∩ A3 |



Inclusion Exclusion Principle

•



Union Bound

• For Events  holds: 
 

 

• Events can be arbitrary. (Not pairwise disjoint)

A1, . . . , An

Pr[
n

⋃
i=1

Ai] ≤
n

∑
i=1

Pr[Ai]



Combinatorics



Conditional Probability

• A and B are events with Pr[B] > 0. the conditional probability Pr[A|B] of A given B is defined as  
 

Pr[A|B] :=  

• Pr[B|B] = 1, Pr[B| ] = 0; Pr[A|Ω] = Pr[A]; Pr[A|B] ~ Pr[A B] 

• 2 Children Problem

Pr[A ∩ B]

Pr[B]

B ∩



Multiplication Rule

• Let events  be given. If : 
 

 

•  

• Birthday Problem/Balls into bins 

•  is probability, that Person i has their birthday on a day, that didn’t appear before

A1, . . . , An Pr[A1 ∩ . . . ∩ An] > 0

Pr[A1 ∩ . . . ∩ An] = Pr[A1] ⋅ Pr[A2 |A1] ⋅ Pr[A3 |A1 ∩ A2] ⋅ ⋅ ⋅ Pr[An |A1 ∩ ⋅ ⋅ ⋅ ∩ An−1]

Pr[Ai |A1 ∩ . . . ∩ Ai−1] =
n − (i − 1)

n

Ai





Total Probability

• Let the events  be pairwise disjoint and it holds that  then: 
 

 

• Monty Hall Problem (with the goats) 

• : car is behind door i; : I win

A1, . . . , An B ⊆ A1 ∪ . . . ∪ An

Pr[B] =
n

∑
i=1

Pr[B |Ai] ⋅ Pr[Ai]

Ai Bi



Bayes Theorem

• Let the events  be pairwise disjoint. Further let  be an event with 
Pr[B] > 0. Then it holds for arbitrary i = 1,…,n 
 

 

• Disease examples 

• Proof: numerator: conditional probability, denominator: total probability

A1, . . . , An B ⊆ A1 ∪ . . . ∪ An

Pr[Ai |B] =
Pr[Ai ∩ B]

Pr[B]
=

Pr[B |Ai] ⋅ Pr[Ai]
∑n

j=1 Pr[B |Aj] ⋅ Pr[Aj]



Bayes Theorem Exercise

• A company uses AI to classify emails as “important” or “unimportant”.  

• 30% of the emails are important.  

• The system marks an important mail as important in 80% of cases. 

• The system marks an unimportant mail as important in 20% of cases. 

• What is the probability that a mail marked as important actually is important?



Exercise



Independence

• Events A and B are independent iff Eintritt von B beeinflusst nicht ob A eintritt:  
 

• The events  are called independent, if for all subsets  with 

 holds, 

 

An infinite family of events  with  is called independent if  holds for every finite 
subset 

• Let A, B and C be independent events. Then A  B and C bzw. A  B and C are independent as 
well

Pr[A ∩ B] = Pr[A] ⋅ Pr[B]

A1, . . . , An I ⊆ {1,...,n}
I = {i1, . . . , ik}
Pr[Ai1 ∩ ⋅ ⋅ ⋅ ∩ Aik] = Pr[Ai1] ⋅ ⋅ ⋅ Pr[Aik] .

Ai i ∈ ℕ I ⊆ ℕ

∩ ∪



Intuition independence

• Dependent if: 

• A variable is constructed by the other 

• Common cause 

• One variable restricts the other 

• Independent if: 

• No common mechanism 

• Separated experiments



Exercise



Random Variables

• A random variable is a map X: Ω , where Ω is the sample space of the probability 
space. 

• In discrete probability spaces the value range is finite or countably infinite 

• Probability that X takes specific value 

→ ℝ

𝔼[X] =
∞

∑
i=1

Pr[X ≥ i]



PDF & CDF

•  

•

fx : ℝ → [0,1], x ↦ Pr[X = x]

FX : ℝ → [0,1], x ↦ Pr[X ≤ x] = ∑
x′￼∈Wx:x′￼≤x

Pr[X = x′￼]



Expected Value (EV)

• We define the EV [X] of a random variable X as: 
 ,  

as long as the sum converges. Otherwise we say the EV is undefined. (Important for infinite 
probability spaces) 

• Let X be a random variable then:  

• (Let X be a random variable with . Then )

𝔼
𝔼[X] := ∑

x∈WX

x ⋅ Pr[X = x]

𝔼[X] = ∑
w∈Ω

X(ω) ⋅ Pr[ω]

WX ⊆ ℕ0 𝔼[X] =
∞

∑
i=1

Pr[X ≥ i]



Linearity of expectation

• For random variables  and 

 

: 

X1, . . . , Xn
X := a1X1 + . . . + anXn + b with 

a1, . . . , an, b ∈ ℝ holds

𝔼[X] = a1𝔼[X1] + . . . + an𝔼[Xn] + b



Indicator variables

•  

•  

• incl/excl principle  
(don’t add!)

IA∩B = IA ⋅ IB

IA = 1 − IA

IA∪B =







Variance

• For an arbitrary random variable X it holds: 
 

• For an arbitrary random variable X and a,b  holds: 

Var[X] = E[X2] − E[X]2

∈ ℝ
Var[a ⋅ X + b] = a2 ⋅ Var[X]



Bernoulli distribution

• A coinflip 

• Experiments with indicator variable. Ex: coinflip: indicator for heads.



Binomial distribution

• Throw Ball n-times 

• Number of balls in bin i 

• Probability of k balls in bin i



Geometric Distribution

• Wait for first success 

• Probability to throw k times 

• Memoryless



Negativ Binomialverteilung

• Warten auf den n-ten Erfolg



Coupon Collector

• Problem: n different Coupons and in every round we get one iid  

• X := number of rounds until we have all coupons 

• Ansatz: Problem split in phases : 1 Phase symbolises time, from i-1 to i Coupons collected 

• In total:                  

• It would be better to be gifted coupons in the end than in the beginning

𝔼[X] =
n

∑
i=1

n
n − i + 1

= n ⋅
n

∑
i=1

1
i

= n ⋅ Hn Hn = ln(n) + O(1)



Poissonverteilung

• Models rare events 

• Number of experiments very big, and probability of success /#trys 

• Memoryless

λ



Independence of random variables




