Algorithms and Propbability PVK

Day 2




Terms

- For Events A, B it holds: Definition 2.1. Ein diskreter Wahrschewnlichkeitsraum ist bestimmt
durch eine Ergebnismenge () = {w;, w,,...} von Flementarereig-
5 Pl = 0 )] =1 nissen. Jedem Elementarereignis w; ist eine (Elementar-)Wahr-
schewnlichkeit Pr(w;] zugeordnet, wobei wir fordern, dass 0 < Pr(w;] <
1 und
« O<PrlA]<1 Y Priw] = 1.

we)

. PI’[ A] =1 - Pr[ A] Eine Menge E C () heisst Ereignis. Die Wahrscheinlichkeit Pr[E]
eines HErelgnisses ist definiert durch

. If A C B, then Pr[A] < Pr[B] Pr[E] := ) Prlw].

WEE

Ist E ein Ereignis, so bezeichnen wir mit E:= O\ E das Komplemen-

tarereignis zu t.




Laplacian Space

- Finite Probability space, with all elementary events same probability.

|E|
2]

_In Laplacian space it holds for all events E: Pr{E]| =



Addition Rule

. Iftheevents Ay, ..., A, are pairwise disjoint (for all pairs i #j it holds that A; N Aj = @) then:

Pr [UAZ-] = i PrlA.]
1 !

. For infinite sets of disjoint events A, A,, . .. it holds that:

= |

=1 =



Inclusion Exclusion Principle

Satz 1.35. (Siebformel, Prinzip der Inklusion/Ezklusion) Fiir end-
liche Mengen A4,..., A, (n > 2) gilt:

n

= Y (1" Y AL N-nAy

1<ty <--<1<n

il — Z Ai, NAL |+ Z Ai, NA, NAG

1<i;<i <n 1<ip<iz<iz<n

..+(_1)N+1 JAT N NALL

. FOFH=2:‘A1UA2‘ — ‘Al‘ + ‘Az‘ e ‘AlnAz‘
» Forn=3:|A; UA, UA;| = [A)| + [Ay| + [A3] = [A N Ay = [A]NAs] = |Ay N Az + [A; N Ay N Aj

Jeweils 2"~ Terme



Inclusion Exclusion Principle

Satz 2.5. (Siebformel, Prinzip der Inklusion/Exklusion)
Fiir Ereignisse Aj,..., A, (n > 2) gilt:

Pr [OAi} = Y (=" Y PrlA, N NA]
=1

1<ij<<ir<n

> PrlA; NA]

]Si] <i2§n

> PrlA, nA;NA]—--

]Si] <iz<i3§n

+(—1)" . Pr[A;N---N AL




Union Bounad

. For Events A, ..., A, holds:

Pr lOAi] < i PrlA.]
=1 =1

- Events can be arbitrary. (Not pairwise disjoint)



Combinatorics

Mit Zurlcklegen | Ohne Zurilicklegen

Mit Reihenfolge

Ohne Relhenfolge




Conditional Propapility

- A and B are events with Pr[B] > O. the conditional probability Pr[A|B] of A given B is defined as

Pr[A N B]

PriAIB] :=
Lo Pr(B]

. Pr[B|B] =1, Pr[B|B] = O; Pr[A|Q] = Pr[A]; Pr[A|B] ~ Pr[ANB]

e " CHNErEn Problem



Multiplication Rule

. LeteventsAy,...,A, begiven. If PrlA;Nn...NA | > 0:

n——1)

n

 PrAJA, N...NA_,] =

. Birthday Problem/Balls into bins

. A, is probability, that Person i has their birthday on a day, that didn't appear before



Aufgabe 1 — Bdlle und Korbe

Seien m, n natiirliche Zahlen. Wir betrachten folgenden Prozess, der zum Beispiel verwendet wer-
den kann, um die Auslastung von n Servern, denen m Anfragen zugeteilt werden, zu analysieren.
Wir haben m Bille by,....b,,, und n Korbe k,...,k,. Jeder Ball wird unabhingig von allen
anderen Billen in einen (uniform) zufilligen Korb geworfen.

Fiir die unten stehenden Aufgaben sollten Sie moglichst einfache Ausdriicke finden (die natiirlich
von m,n abhingen diirfen). Insbesondere sollten in Threr Losung keine Summenzeichen vorkom-
men.

Beschreiben Sie einen Wahrscheinlichkeitsraum, der diesen Prozess beschreibt.

Was ist die Wahrscheinlichkeit, dass der erste Korb k; leer ist, nachdem alle Balle geworfen
wurden?

Sei X die Anzahl der Korbe, die leer ist nachdem der Prozess geendet hat. Bestimmen Sie
E[X].

Sei Y die Anzahl Bille, die im ersten Korb k; landen. Bestimmen Sie E[Y].

Was ist die Wahrscheinlichkeit, dass die beiden ersten Kérbe ky, ks beide leer sind (nachdem
alle Bille geworfen wurden)?




Total Propanility

. LettheeventsAy,...,A, be pairwise disjoint and it holds that B C A; U ... UA, then:

PriBl = ) Pr{B|A]- Pr{A]
=1

- Monty Hall Problem (with the goats)

. A;: caris behind door i; B;: | win



Bayes Theorem

. LettheeventsAy,...,A, be pairwise disjoint. Furtherlet B C A; U...UA, be an event with

Pr|B] > O. Then it holds for arbitrary i=1,...,n
PrlA.-N B Pr|B|A.| - Pr|A.
R ot BRI 1TV Y 2
Pr|B] Zj:l Pr|B \Aj] -Pr[Aj]

- Disease examples

. Proof: numerator: conditional probability, denominator: total probability



Bayes Theorem Exercise

- A company uses Al to classity emails as “important” or “unimportant”.
.« 30% of the emails are important.
« The system marks an important mail as important in 80% of cases.

- The system marks an unimportant mail as important in 20% of cases.

e Whatis the probability that a mail marked as important actually is important?



Exercise

Exercise 8. You are on a TV show and the questions are chosen u.a.r
(uniformly at random) from a pool of questions. With probability p you
know the answer, and you answer correctly. Otherwise, you guess, and

you give the right answer with probability 1/4. What is the probability
that you answer correctly to a randomly chosen question?




naepenadence

- Events A and B are independent iff Eintritt von B beeinflusst nicht ob A eintritt:
PrlA N B| = Pr|A] - Pr|B]

- TheeventsAy,...,A, are called independent, if for all subsets I C {1,...,n} with
£ — {il’ % e lk} hOldS,
Pr[Al-1 N: .- N Aik] — Pr[Ail] .-+ Pr[A.].

7
An infinite family of events A; with 1 € N is called independent if I € N holds for every finite
subset

. Let A, B and C be independent events. Then AN B and C bzw. A U B and C are independent as
well



[Ntultion independence

- Dependent if:

- A variable is constructed by the other
- Common cause

- One variable restricts the other

. Independent if:

» No common mechanism

. Separated experiments



-~ XErC1se

Exercise 11. Given a graph G with 2n vertices, with n vertices blue and
n vertices red. The probability that there is an edge between any two
nodes is 3 for all pair of nodes. What is the expected number of edges

between vertices of the same color? Do you need the existence of those
edges to be independent?




Random Variables

. A random variableisamap X: QO — R, where Q is the sample space of the probability
space.

. In discrete probability spaces the value range is finite or countably infinite

~ Probability that X takes specific value =X = Z Pr|X > 1]
i=1



PDE & CDF

: ]gc 'R - [0,1],x — Pr|X = x] Dimt(

CFy:R - [01Lxm PrX<x]= Y PriX=x] Vef’rtﬂunj

x'eW x'<x




Expected Value (EV)

- We define the EV [£[X] of a random variable X as:

C[X] = Z x- PriX = x],

xeWy

as long as the sum converges. Otherwise we say the EV is undefined. (Important for infinite
orobability spaces)

~ Let X be a random variable then: E[X] = Z X(w) - Prlw]

weld

~ (Let X be a random variable with Wy C Nj. Then E[X] = Z Pr|X > 1)
=



Linearity of expectation

Wir betrachten zwei Zufallsvariablen:

» For random variables X;, ..., X, ano
X=aX +...+a,X + bwith
X+Y: 2-R
a,...,a,, b € R holds: o s X(w) + Y(w)
[ X] =aE[X]]+...+a,E[X ]+ b

X:12-R, Y:2-R

Def

= ) (X+Y)w)-Prw]

T3 F,

—

3" (X(w) + Y(w) ) - Prie]

Y X(w)Priw] + > Y(w) - Prw]

E[X] + E[Y]




naicator variaples

Iynp =1y - I

Beobachtung Fur ein Ereignis A C () ist die zugehorige Indika-
torvariable X, definiert durch:
1, ,p = incl/excl principle

(don't add!) Xa(w) : 1, fallsweA
0, sonst.

Fur den Erwartungswert von X, gilt: E[X.] = Pr(Al.




(a) For each of the following subtasks, either define a probability space and events A and B (and
C') with the described properties, or prove that such a space cannot exist. Make sure that
you define both, the sample space (“Ergebnismenge”) (2 and the probabilities of the atomic

events (“Elementarereignisse”).
(i) Pr[A] = %, Pr[B] = 3 and Pr[AU B] = Pr[A] + Pr[B].
1

(ii) Pr[A] = %, Pr[B] = % and Pr[AU B] < Pr[A] + Pr[B].

47 3

(iii) Pr[A] = Pr[B], Pr[AN B] = 7, and Pr[A N B] = Pr[A] - Pr[B] (that is A and B are

independent).
(iv) Pr[A] = Pr[B] = Pr[C] = 2 and Prf[AN BN C] =0.

Samantha has a fair, six-sided die and a 5 CHF coin. She rolls the die and tosses the coin.
Samantha considers her experiment a success if the coin shows a strictly larger value than
the die (for the coin, heads is counted as 0; tails is counted as 5). Model her experiment with

a suitable probability space. Explicitly define the event A that the experiment is a success
and determine its probability Pr[A].




(c) Oliver owns three pairs of shoes — two blue pairs, and one yellow, which he stores unordered
in his wardrobe. One morning, during a power outage, he has to put on his shoes in complete

darkness. He randomly (uniformly at random) grabs two shoes from the wardrobe and tries
to put them on.

We let A denote the event that he picked one left shoe and one right shoe (i.e. he is able to

put on the shoes he picked), and we let B be the event that the two shoes he picked have
the same color.

Model this setting as a probability space and compute Pr[A] and Pr[A|B].




Variance

Definition 2.39. Fiir eine Zufallsvariable X mit u = E[X] definieren wir
die Varianz Var[X] durch

VarX] :=E[(X—p)= ) (x—p)*-PrX =xl.

xEWx

Die Grosse o := /Var[X] heisst Standardabweichung von X.

- For an arbitrary random variable X it holds:
Var[X] = E[X?] — E[X]*

. For an arbitrary random variable X and a,b € R holds:
Varla - X + b] = a? - Var[X]



Bernoulli distripbution

fir 7 =1
Bernoulli | Bernoulli(p) {0,1} fx (i) = : ur ? | p p(1 —p)
Il —p fire=0.

iWelellalille

- Experiments with indicator variable. Ex: coinflip: indicator for heads.



distripution

« Throw Ball n-times
« Number of balls in bin i

. Probability of k balls in bin |



Geometric Distribution

- Wait for first success

. Probability to throw k times

- Memoryless



Negativ Binomia

- Warten auf den n-ten Erfolg

vertel

ung



Coupon Collector

- Problem: n different Coupons and in every round we get one iid
« X :=number of rounds until we have all coupons

- Ansatz: Problem split in phases : 1 Phase symbolises time, from i-1 to i Coupons collected

n

n = 1
In total: E[X] = =pn- ) —= - iy b O(l
~Intotal: E[X] izzln—i-l-l n l.zzli n-H, , = In(n) + O(1)

. |t would be better to be gifted coupons in the end than in the beginning



Polssonvertellung

- Models rare events

- Number of experiments very big, and probability of success A/#trys

- Memoryless



"random variabl

[ndependence o

Definition 2.52. Zufallsvariablen X, ..., X,, heissen unabhangig genau
dann, wenn fiir alle (X1,...,%n) € Wx, X ... X Wx_ gilt

Pr[X; =X1,...,Xn=Xn] —

Co




Rechenregeln tur Momente

. E[X+ Y] =E[X]+ E[Y] Stimmt fur alle X und Y

« EIX-Y]=L[E|[X]:E|Y] Stimmt, wenn X und Y unabhdngig

- Var| X+ Y| = Var|X] + Var|Y] Stimmt, wenn X und Y unabhdngig

- Var|X - Y| = Var|X] - Var|Y] Stimmt im allgemeinen nicht



