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Exercise 2.2  Fibonacci numbers (1 point).

There are a lot of neat properties of the Fibonacci numbers that can be proved by induction. Recall that
the Fibonacci numbers are defined by fy = 0, fi = 1 and the recursion relation f,, 1 = f, + fn—1 for
all n > 1. For example, fo = 1, f5 = 5, fio = 55, fi5 = 610.

Prove that f, > % -1.5" forn > 1.

In your solution, you should address the base case, the induction hypothesis and the induction step.
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Bxercice 2.2

(b) This question does not count toward the bonus point. Find f and g as in Theorem 1 such that
f < O(g), but the limit lim,, _, % does not exist. This proves that the first point of Theorem 1
provides a sufficient, but not a necessary condition for f < O(g).
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Exercise 2.4  Asymptotic growth of ) ;" , - 1 (1 point).

The goal of this exercise is to show that thesum ) " ; = 1 behaves, up to constant factors, as log(n) when
n is large. Formally, we will show Y, + < O(logn) and logn < O(3_7_; 1) as functions from N>
toR™.

For parts (a) to (c) we assume that n = 2 is a power of 2 for k € Ny = N U {0}. We will generalise

the result to arbitrary n € N in part (d). For j € N, define

(a) Forany j € N, prove that S; < 1.
Hint: Find a common upper bound for all terms in the sum and count the number of terms.
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(b) Show that nlnn < O(In(n!)).

Hint: You can use the fact that ()2 < n! forn € N>, without proof.
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Algorithm 1

for §j=1,..., n do
for k=3, ..., n do
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Algorithm 2
for j=1,..., n do
for k=1,2,3,4,5,...,27 do
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