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Exercise 7.4  Weight and volume knapsack (1 point).

Consider a knapsack problem with n items with profits being positive integers in the array P[1,...,n/,
and weights being positive integer in the array W1, ..., n]. The knapsack has a weight limit W,,,,, €
N. Furthermore, each item has a volume of 1 and the knapsack has a volume limit V/,, ..

Describe a DP algorithm that, given the arrays P[1,...,n|, W[L,..., n], of positive integers and pos-
itive integers Wi,az, Vinaa, returns the total profit of the largest subset of items such that the items
respect both the weight limit and volume limit of W,,,,, and V},,4... Your algorithm should have asymp-
totic runtime complexity at most O(n - Wiaz * Vinaz)-

In your solution, address the following aspects:
1. Dimensions of the DP table: What are the dimensions of the D P table?
2. Subproblems: What is the meaning of each entry?

3. Recursion: How can an entry of the table be computed from previous entries? Justify why your
recurrence relation is correct. Specify the base cases of the recursion, i.e., the cases that do not
depend on others.

4. Calculation order: In which order can entries be computed so that values needed for each entry have
been determined in previous steps?

5. Extracting the solution: How can the solution be extracted once the table has been filled?

6. Running time: What is the running time of your solution?
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Exercise 7.5  Zebra arrays (1 point).

A square two-dimensional array Z|I ... k|[1.. k] with entries in {0, 1} is called a zebra array if no two
adjacent entries of Z are equal. We say two distinct entries Z[i1][j1] and Z[i3][j] in Z are adjacent if

« iy =iz and |j1 — j2| < 1;0r
. |11 —i2| S landjl :Jg

Describe a DP algorithm that, given a two-dimensional array A[l...n|[1...m] with entries in {0, 1},
outputs the size of a largest zebra array contained in A. That is, the largest k such that, for some

l<i<n—-k+1,1<j<m-—k+ 1 thearray Ali...i+ k —1][j...j + k — 1] is a zebra array.
Your algorithm should have asymptotic runtime complexity at most O(nm).

In your solution, address the following aspects:
1. Dimensions of the DP table: What are the dimensions of the D P table?
2. Subproblems: What is the meaning of each entry?

3. Recursion: How can an entry of the table be computed from previous entries? Justify why your
recurrence relation is correct. Specify the base cases of the recursion, i.e., the cases that do not
depend on others.

4. Calculation order: In which order can entries be computed so that values needed for each entry have
been determined in previous steps?

5. Extracting the solution: How can the solution be extracted once the table has been filled?
6. Running time: What is the running time of your solution?

Hint: Use a DP table B[1...n|[1...m]. The meaning of entry B|i|[j] is

Bli|[j] = size of the largest zebra array in A whose bottom-right entry is A[i][;].

Hint: Your recursion to compute B[i|[j] should involve the entries B[i|[j— 1], B[i—1][j], B[i—1][j —1]
and also the entries A[i|[j], Ali][7 — 1], Ali — 1][j], Al = 1][; — 1].
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Exercise 7.3  Road trip.

You are planning a road trip for your summer holidays. You want to start from city Cp, and follow the
only road that goes to city C), from there. On this road from Cj to C,,, there are n — 1 other cities
Ci,...,Cph—1 that you would be interested in visiting (all cities C1, . .., Cp—1 are on the road from C)
to C,). For each 0 < i < n, the city C; is at kilometer k; of the road for some given 0 = ky < k; <
e < ko1 < kp.

You want to decide in which cities among C1, . . ., Cy,—; you will make an additional stop (you will stop
in Cy and C), anyway). However, you do not want to drive more than d kilometers without making a
stop in some city, for some given value d > 0 (we assume that k; < k;_; + d for all i € [n] so that
this is satisfiable), and you also don’t want to travel backwards (so from some city C; you can only go
forward to cities C; with j > 1).

(a) Provide a dynamic programming algorithm that computes the number of possible routes from Cj to
Cp, that satisfy these conditions, i.e., the number of allowed subsets of stop-cities. Your algorithm
should have O(n?) runtime.

In your solution, address the following aspects:
1. Dimensions of the DP table: What are the dimensions of the D P table?
2. Subproblems: What is the meaning of each entry?

3. Recursion: How can an entry of the table be computed from previous entries? Justify why your
recurrence relation is correct. Specify the base cases of the recursion, i.e., the cases that do not
depend on others.

4. Calculation order: In which order can entries be computed so that values needed for each entry
have been determined in previous steps? Describe the calculation order in pseudocode.

5. Extracting the solution: How can the solution be extracted once the table has been filled?

6. Running time: What is the running time of your solution?
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(b) If you know that k; > k;_1 + d/10 for every i € [n], how can you turn the above algorithm into a
linear time algorithm (i.e., an algorithm that has O(n) runtime) ?
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Exercise 7.5  Searching a doubly sorted array.

You are given a 2D array of numbers A[1...n][1...n|. The goal is to understand the search problem:
given z, determine whether = occurs in A, and if so, find it. Without any structure on A, this would
take O(n?) time since we would have to check every entry. However, by assuming more structure on
A, we can hope to bring this runtime down. All sorting in this problem will be in ascending order.

Suppose A satisfies the following property: Every row is sorted left-to-right.
(a) Design a search algorithm that runs in time O(n log(n)).

Now suppose A satisfies a stronger property: Every row is sorted left-to-right and every column is
sorted top-to-bottom.

(b) Design a search algorithm that runs in time O(n).

Hint: Say we want to search for an element x. Suppose that A[i, j| < x, for some 1 < i,j < n, then
what can you say about entries Ak, j] for1 < k < i and A[i, €] for1 < £ < j?

(c)* Argue that this bound is tight. Namely, that any search algorithm must run in time Q(n).

Hint: Consider an assignment of numbers to the off-diagonal entries. Off-diagonal entries are entries
at Ali,n — i + 1] for1 < i < n. When do we have a 2D array of numbers which satisfies that
off-diagonal assignment and the stronger property?
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Exercise 7.4  String counting (1 point).

Given a binary string S € {0,1}" of length n, let f(S) be the number of times “11” occurs in the
string, i.e. the number of times a 1 is followed by another 1. In particular, the occurrences do not need
to be disjoint. For example f(“111011”) = 3 because the string contains three 1 (underlined) that are
followed by another 1. Given n and k, the goal is to count the number of binary strings S of length n
with f(S) = k.

Describe a DP algorithm that, given positive integers n and k with £ < n, reports the required number.
Your solution should have complexity at most O(nk).

In your solution, address the following aspects:

p—

5.
6.

. Dimensions of the DP table: What are the dimensions of the D P table?
Subproblems: What is the meaning of each entry?

. Recursion: How can an entry of the table be computed from previous entries? Justify why your
recurrence relation is correct. Specify the base cases of the recursion, i.e., the cases that do not
depend on others.

Calculation order: In which order can entries be computed so that values needed for each entry have
been determined in previous steps? Describe the calculation order in pseudocode.

Extracting the solution: How can the solution be extracted once the table has been filled?

Running time: What is the running time of your solution?

Hint: Define a three dimensional DP table DP[1...n][0...k][0...1].

Hint: The entry DPi][j][l] counts the number of strings of length ¢ with j occurrences of “11” that end
inl (wherel1 <i<n,0<j<kand0<I[<1).
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